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Abstract. We show that the number of nilpotent orbits in the dual of an exceptional Lie algebra 
is finite in bad characteristic. We determine the closure relations on the set of nilpotent orbits in 
the dual of classical and exceptional Lie algebras. Moreover for classical groups, we give an explicit 
description of the nilpotent pieces (which are unions of nilpotent orbits) in the dual defined in 
[LSI 1X4] . in particular the definition of nilpotent pieces in [LSI IX4| coincides with the definition 
given by closure relations on nilpotent orbits. 



1. INTRODUCTION 



Let G be a connected reductive algebraic group defined over an algebraically closed field k of 
characteristic p > 0. Let g be the Lie algebra of G and g* the dual vector space of g. Denote by 
Mg* the set of nilpotent elements in g* (recall that an element ^ : g — t- k* is called nilpotent if it 
annihilates some Borel subalgebra of g, see |K W| ) . Note that G acts on Mg* by coadjoint action. It 
is known that the number of G-orbits in A/'g* is finite when p is a good prime for G (in this case we 
can identify g* with g via a G-invariant non-degenerate bilinear form on g and the corresponding 
result for g is well-known) or when G is of type B,C or D ( |X1| ). It remains to study the number 
of G-orbits in A/'g* when G is of exceptional type and p is a bad prime for G. One of our results 
is that this number is again finite. (This result has appeared in the PhD thesis of the author. We 
include it here for completeness.) Let A/'g* denote the set of G-orbits in A/'g* (nilpotent orbits in 
g*). On A/'g* there are natural order relations; for two orbits c and c', we say that c < c' if c is 
contained in the closure of c', and that c < c' if c < c' and c ^ c' . We determine the order relations 
on A/'g* (when p is bad). 

In \L5\ 1X4] Lusztig and the author define a partition of A/'g* into nilpotent pieces (for classical 
groups), indexed by the set Ucf- of unipotent orbits in the group Gc over complex numbers of the 
same type as G. On the other hand, there is a natural injective map from the set Ug^ to the 
set A/'g* (given by Springer correspondence). Using this map and the order relations on A/'g* one 
can define a partition of A/'g* into locally closed pieces; following Lusztig we call them MS-pieces 
(after Mizuno and Spaltenstein). We show that for classical groups the MS-pieces are the same 
as nilpotent pieces defined by Lusztig and the author. In particular we determine which nilpotent 



orbits lie in the same piece (Proposition 6.1). 



This paper is organized as follows. Sections [2]j6] study the cases when G is a classical group and 
p = 2. In Section [2] we recall natural order relations on the set of irreducible characters of the Weyl 
group of G (which have been used by Spaltenstein jSl] to describe closure relations of nilpotent 
orbits in g); the classification of nilpotent orbits in g*; the combinatorial description of the Springer 
correspondence maps; and the definitions of nilpotent pieces in g* given in lESllXll. In section [I 
and Section |4| we describe the Springer fibers at elements in A/'g* and induction for nilpotent orbits 
in g* (by an easy adaptation of [LSI IS2j ) respectively which give preparation for Section [s] In 
Section [5] we describe the order relations on A/'g* which are given by natural order relations on the 
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set of irreducible characters of the Weyl group of G via Springer correspondence. In Section [6] 
we describe the nilpotent pieces in g* exphcitly and show that they coincide with MS-pieces. In 
Section [7] we study the nilpotent orbits in q* when G is of exceptional type and p is bad for G; in 
particular, we show that the set M^* is finite and we determine the closure relations on M^* . 



Acknowledgement I would like to thank George Lusztig for helpful discussions and for encour- 
agement. 

2. Notations and recollections 

2.1. Order relations on the set of irreducible characters of Wely groups of type B,C,D. 
For a finite group H we denote by the set of irreducible characters of H (over C). 

Let V{n) denote the set {A = (Ai > A2 > • • • ) | |A| := ^j>^ Aj = n} of all partitions of an integer 
n. For a partition A G V{n) and each j > 1, we set 

A* = |{Ai I Xi > j\} and mx{j) = A* - A*+i. 

Let V2{n) denote the set {(/x)(z^) | + \v\ = n} of pairs of partitions. If 11^ is a Weyl group 
of type Bn or C„ (resp. Dn)-, then we can identify with the set V2{n) (resp. the set 
€ V2{n) I if i is the smallest integer such that / fj, then Vi < /Xj} with each pair {fJ-){n) 
counted twice) ( |Llj ). There are natural order relations on the set V2{n) as follows. We say that 
(^)(^) < if 

^ {^-i + yi)< ^ ifJ'i + fi) and im + Vi) + < (/i- + f ■) + n'j for all j > 1; 

ie[ij] ie[i,i] ie[i,j-i] 

and that < if < (/u')(z/') and {lJi){v) / {^'){v'). This gives rise to order 

relations on (in the case of type Dn, the two degenerate characters corresponding to a pair 
(/x)(^) are incomparable). 

2.2. Classification of nilpotent orbits in g* (type B,C,D). Let F be a finite dimensional 
vector space over k equipped with a fixed non-degenerate symplecitc from (, ) (resp. a fixed non- 
degenerate quadratic form Q with the associated bilinear form denoted by /3). We can assume 
that G = Sp{V,{,)) (resp. G = SO{V,Q)), the subgroup of GL{V) (resp. identity component 
of the subgroup 0{V,Q) of GL{V)) that preserves (,) (resp. Q). Then g = 5p{V,{,)) = {x e 
qI(V) I {xv, w) + {v, xw) = v,w £ V} (resp. g = o{V, Q) = {x e g[(y) | P{xv, v) = W v £ 

V, a^lRad(Q) =0}). 

Let £l{V) (resp. &{V)) denote the vector space of all quadratic forms y — )• k (resp. all symplectic 
forms y X y — )• k) . We have a vector space isomorphism (see |L5[ IX4j ) 

(a) 5p{V,{,)r ^Q{V), e^a^, a^{v) = {v,Xv) 

(resp. o{V,Q)* ^&{V), ^ ^ P^{v,w) = ^{Xv,w)-l3{v,Xw)), 

where X is such that S,{x) = tr(Xx) for all x G 5p{V, {,)) (resp. o{V, Q)). 

Suppose that G = Sp{V, {, )) with dimF = 2n and ^ G AAg*. Let always denote the quadratic 
form corresponding to ^ under the isomorphism in (a) and let always denote the bilinear form 
associated to (given by f3^{v,w) = a^{v + w) — a^{v) — a^^^w)). Let : V ^ V he defined by 
{T^v,w) = (3^{v,w) for all v,w gV. Assume that p = 2. Then the G-orbit of ^ is characterized by 
a pair (A, x) as follows ([XIJ): 
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(i) the partition A G V{2n) given by the sizes of Jordan blocks of (we have m\{i) even for all 
i>0); 

(ii) the map x : N — )■ N given by x(^) := Xa^{k) = mm{l \ T^v = =^ a^{T^v) = V t> G V} (we 
have < x(Ai) < Xi, > and Aj - x(Aj) > Aj+i - xiK+i) for all i > 1). 

Suppose that G = SO{V, Q) and G AAg*. Let /3g always denote the symplectic form corresponding 
to ^ under the isomorphism in (a). 

If p = 2, G = SO{V, Q) and dim V = 2n, \eiT^:V be defined by p{T^v, w) = ^^{v, w) for 
all v,w . The 0(1^, (5)-orbit of ^ is characterized by a pair (A, x) as follows ([H]): 

(i) the partition A G V{2n) given by the sizes of Jordan blocks of (we have mx{i) even for all 

i>oy, 

(ii) the map x : N — N given by xik) := XT^{k) = mm{l \ T^v = ^ Q{T^v) = V u G (we 
have ^ < x(Ai) < Xi, x{Xi) > x{Xi+i) and Aj - x(Ai) > A-^+i - x(Ai+i) for ah i > 1). 

Assume that p = 2, G = SO{V,Q) and diml/ = 2n + 1. Let m G [0,n] be the unique integer 
such that there exists a (unique) set of vectors {vi,i G [0, m]} with 

(b) Q{vm) = 1, Qivi) = 0, (3^ivi,v) = f3{vi-i,v), i G [l,m], ;3(t>„,i;) = 0, (3^ivo,v) = 0, V v G F. 

If m = 0, let be a complementary subspace of spanjuo} in F; if m > 1, let {ui, i G [0, m — 1]} 
be a set of vectors such that 

(c) Q{uo) = 0,f3{uo,Vj) = 5jfi,j G [0,m]; I3^{ui-i,v) = f3{ui,v),Q{ui) = 0,i £ [l,m- 1],V v £V 

and let W = {v £ V \ /3{v,Ui) = /3{v,Vi) = (3^{uo,v) = 0}. Then V = span{Mj,Wj} © W and 
/3\]y is non-degenerate. Define : W ^ W hy f3^{'w,'w') = (3{T^w,w') for all w,w' £W and let 
XM/ : N ^ N be given by xw{k) = min{/ 1 T^w = ^ Q(7|w) = V w G W]. Then the orbit of ^ 
is characterized by (m; (A, x)) as follows (|X1]): 

(i) the integer m G [0,n]; 

(ii) the partition A G V{2n — 2m) given by the sizes of Jordan blocks of (we have mx{i) even 
for aU i > 0); 

(iii) the map x : N — )• N given by x(0 = max(i — m,xw{'i')) (we have m > Xi — x{Xi) > 
Xi+i - x(Ai+i), ^ < x(Ai) < Xi and x(Ai) > xiXi+i) for ah i > 1). 

Note that (m; (A,x)) does not depend on the choice of W and uq. 

Let (resp. 51^^, 5^^^) be the set of all (m; (A,x)) (resp. (A,x)) corresponding to nilpotent 
orbits {p = 2) in o{2n + 1)* (resp. sp(2n)*, o(2n)*). Note that in the case of o(2n)*, there are two 
orbits corresponding to each pair (A,x) with x(Ai) = y ^- 



2.3. Combinatorial description of Springer correspondence maps (type B,C,D). Let W 

denote the Weyl group of G. Recall that we have an injective Springer correspondence map [Xlj : 

7r :AA0. 
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which maps an orbit c to the Weyl group character corresponding to the pair (c, 1) under Springer 
correspondence. When p = 2, the Springer correspondence maps 7g* are given as fohows ( [X3J ) 

7b„ := 7o(2n+l)* : K(2n+ir = ^ W"", 

{m; (A, x)) H> (/i)(z^), /ii = m, /Uj+i = X2i-i - x(A2i-i), i^i = x{>^2i-i), i > 1; 

(A, x) ^ = x(A2i-i), = A2i-i - x(A2i-i), « > 1; 

7a. - 7a(2n)- : K{2nr = %l ^ ^""^ 

(A, x) ^ fJ'i = x{^2i-i), = A2i-i - x(A2i-i), i > 1- 

We denote the image of 7|j^ (resp. 7^^^, 7|)^) (when p = 2) by (resp. and Let 

•^B = U„>oX^^^, = Un>oX^^ and = U„>oX^^. 



2.4. Nilpotent pieces in sp(2n)* and o(2re + 1)*. Suppose that G = Sp{V, {, )) (resp. SOiV, Q)) 
as in Subsection 2.2 Let c E AAg* and ^ G c. Let K = (V>a)aez be the canonical filtration of V 
associated to ^ as in \L5 \ IX4| . where V>a+i C V>a C V. lip ^ 2, let be defined as in Subsection 

f3^{v^w) for all G V)^ then 



2.2 



(resp. by P{T^v, w 

(a) y>a = Ej>max(o,a)^f (kerT^ 



The definitions of when p 



2 are recalled in 2.4.1 (resp. 2.4.3). We define 

fa 



dimV>a/V>a+i. 

Then /a 7^ for finitely many a £ Z and /_a = /a. The sequence of numbers (/a)aeN 
{0, 1,2,.. .}) depends only on c and not on the choice of ^ G c; we denote this sequence by Tc 
sequences (/a)aeN and {ha)aeN are equal iff fa = ha for all a G N. 

Lemma ( \L5\ 1X4] ). The orbits ci,C2 G Mq* lie in the same piece if and only if = Tcj. 



(N = 
Two 



Note that if p 7^ 2, the orbit of G Mq* is characterized by the partition A given by the sizes of 
Jordan blocks of T^. It follows from (a) that 

(a') ifp^2,c = X and Tc = (/a)aeN, then fa = XlieN "^A(a + 2i + 1) for all a G N. 

Moreover each nilpotent piece consists of one orbit when p ^ 2. 



2.4.1. Canonical filtrations for ^ G Msp{2n)* (p = 2). Assume that G = SpiV, {,)) and p = 2. Let 
^ G AAg* and let a^,l3^,T^ be defined for ^ as in Subsection |2.2[ The canonical filtration = (y>a) 
associated to ^ is defined by induction on diml/ as follows ( |L5| ). where V>a = Vyi__^. If ^ = 0, we 
set V>a = for all a > 1 and V>a = y for all a < 0. Hence V^, is defined when dimF < 1. Assume 
now that ^ 7^ and diml/ > 2. Let e be the smallest integer such that T^V = 0, / the smallest 

integer such that a^{T^V) = and 

A^ = max(e-1,2/-1). 

Then > 1. We set 

V>a = V for all a < -N; V>a = for all a > A^ + 1; 

{{v eV\Tf^v = Q] ife = 2/ + l 

{v G V\Tl-\ = 0, ag(T/-^) =0} if e = 2/ ; Vy^ = V^_j,_,^. 
{v G V\a^{Tl'^v) = 0} if e < 2/ 
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Let V = V>-iy+i/V>N- Then (,) induces a nondegenerate symplectic form (,)' on V' and 
induces a quadratic form a^' corresponding to ^' G AAg'*, where g' = 5p{V' , {,)'). By induction 
hypothesis, a canonical filtration = {V-^^) of V is defined for For a E [— + 1, A^] we set 
V>a to be the inverse image of under the natural map V>_Ar+i — >• V' (note that = and 
^>_Ar+i = ^')- This completes the definition of K. 



2.4.2. Suppose that p = 2 and the G-orbit of ^ G ■^sp{2n)* corresponds to {X,x) ^ ^c- Recall 
that ( |Xlj ) we have a decomposition V = ®ae[i,r]^(fl) of ^ i^ito mutually orthogonal T^-stable 
subspaces such that mx{i) = Ylae[i,r] "T'A°(i), xi^) = maXaXa(«), where a^\w{a) = i^'^^Xa)- More- 
over, ai:\w(^a) = *W^x(A2a)(^2a), o G [l,r], where 

(a) o^Ih/ = *Wi{s) means that there exist v,w £ W such that W = span{T^v,T^w,i £ [0,s — 
1]}, {T^v,w) = 6i^s-i, a^iT^v) = Si^i^i, a^(r^*u') = 0; we have Xa^l^y («) = max(0, min(i - s + /, /)). 

We state some facts which will be used later (see |X1) ). 

(i) Let W he a T^-stable subspace of V such that a^\w = *Wf{e — j) with / > Let 
Kw = {v £ W\a^{T^ ) = 0}, Lw = Ky^ n W, W = Kw/Lw and let a^/ be the quadratic form 
on W' induced by a^. Using the basis for W chosen as in (a), one can easily check that 

a^'lw = *Wf-i{e- j - 1). 

(ii) Let be a T^-stable subspace of V such that a^\w = *Wf{e)"' (an orthogonal decomposition 
into a copies of *W/(e)), where / < §. Let W = (kerT^"^ n W)/T^~^W and a^> be the quadratic 
form on W' induced by a^. Using the basis for W chosen as in (a), one can easily check that 

a^,\^, = *H^/_i(e-2)». 



2.4.3. Canonical filtrations for ^ £ A/'o(2n+i)* (P = 2j. Assume that G = SO{V,Q) and p 
Let ^ £ AAg* and let /3^, m, {vi}, {ui}, W, T^, x be defined for ^ as in Subsection 



2. 



2.2 



The canonical 

filtration = (V>a) associated to ^ is defined by induction on dimF as follows (see |X4j ) . where 
V>i-a = and Q\v^^ = for all a > 1. If ^ = we set V>a = for all a > 1 and V>a = V for 
all a < 0. Hence 14 is defined when diml/ < 1. Assume now that 7^ and diml/ > 2. Let e be 
the smallest integer such that T^W = 0, / = x(e) and 

= max(2m, m + f — 1). 

Then > 1. We set 

V>a = V for aU a < -N; V>a = for ah a > A^ + 1; V>n = l^>_iv+i n Q'H^), 



>-N+l 



span{t;m} © kerTj 



e-l 



if m = 0, 



spanjwj, i £ [0, m],Ui, i £ [1, m — 1]} (B W if m > /, 
span{t;j, i £ [0, m], Uj, i £ [l,m — 1]} 

®{w £W\Q{tI-^w) = 0} ife-/<m</, 
spanjwj, i £ [0, m], Uj, i £ [l,m — 1]} 

®{w £ W\T^-^w = 0, Q{tI~^w) = 0} ifO<m = e- / = /-l, 

orO<m = e — / </ — 1 and p 7^ 0, 

spanjuj, i £ [0, m], Uj, i G [1, m — 1]} 

©spanjiiQ + w**} ® kerT^~^ ifO<m = e — / </ — 1 and p = 0, 
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where p : kerT^ ^ — )• k is the map w i— )• Q{T^ ^w) and w^^ E is such that (3{T^ ^w^,^,,w)^ = 
Q{tI~^w) for ah weW. 

Let V' = V>_Ar+i/V>Ar. Then Q induces a non-degenerate quadratic form Q' on V' and /3g 
induces a symplectic form /3^/ corresponding to ^' E AAg'*, where g' = o{V',Q'). By induction 
hypothesis, a canonical filtration Vl = {Vya) ^' defined for For a E [— + 1, A^] we set 
V>a to be the inverse image of under the natural map V>_Ar+i — )• V (note that Vyj^ = and 
^>-w+i ~ ^')- This completes the definition of V*. 

3. Springer fibers 

Suppose that p = 2 and G is of type or C in this section. 

3.1. For a Borel subgroup B of G, we denote by b the Lie algebra of B and define n* = E 
0* \ = 0}- For ^ E A/'g*, denote by dclO the G-orbit of ^ and by ^g(0 the centralizer of ^ 
in G. Let be the variety of all Borel subgroups of G and let = {B £ B'^ \ ^ E n*} be the 
Springer fiber at ^ E A/'g* . One can easily adapt the proofs in [Stl p. 132] and [ST| to show that B^ 
is connected and all its irreducible components have the same dimension. 

T-. • • r, T A . r T 1 ,nr dim Zfj (?) — Tarifc G 
Proposition 3.1. Suppose that ^ E A/g*. We have dimo^ = . 



The proofs of the proposition for G = Sp{2n) and G = S0{2n + 1) are given in Subsection 3.2 



and Subsection 3.3 respectively. 



3.2. Suppose that G = Sp{V, (, )) with diml/ = 2n in this subsection. We can identify the variety 
B'-^ with the set of all complete flags = Vq C Vi C • • • C V2n = V such that V2n-i = V^^ and 
(, ) |y. =0 for all i < n. 

Lemma 3.2. Suppose that ^ E A/g*. We can identify B^ with the set 

-^f = = (^0 C ^1 C • • • C V2n) E I P^iVi, V2n+i-i) = and a^{V) = for all i < n}. 

Proof Let ^ E sp(2n)*, x E sp(2n) and F = (Vq C Vi C ■ ■ ■ C V2n) G There exists a basis 
ej, i E [— n, n] — {0}, of V such that {ei,ej) = (5j+j^o and 14 = spanjcj, i E [1,A;]} for all k < n. 
Assume that xei = ^ij^j- We have Xi-j + xj-i = and 

i,je[l,n] l<*<i<n l<i<j<?i 

+ ^ Xi _ia5(e„i) + ^ x_i,iag(ei). 

ie[l,n] je[l,n] 

Let -B = {5 E G\gVi = Vi} be the Borel subgroup corresponding to F. For a; E b, we have Xij = 
for 1 < i < j < n, and = for i,j E [l,n]. Hence ^ E n* if and only if f3^(ei,e-j) = for all 

^ ^ i ^ j ^ n, f3^{ej,ei) = for all 1 < i < j < n, and a^(ej) = for all i E [l,n]. The lemma 
follows. □ 

Let ^ E A/'g* and suppose that claiO = (A,x) e ^c„- Let F = (K) E Jf. Then we have 
a^\vi = and (3^{Vi,V) = 0. Let 1/' = V-^/Vi. The non-degenerate symplectic form (,) on V 
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induces a non-degenerate symplectic form (,)' on V'; we write g' = spiV' , {,)'). Moreover the 
quadratic form induces a quadratic form a^/ on V' which corresponds to an orbit (A', x') in A/'g'*- 
Let K = {v £ V\a^{v) = 0, 13^{v, V) = 0} and for each (A', x') S OT^ ^ that arises in this way, let 

^(A',x') ~ ^ the quadratic form a'^ on Ff^/Vi induced by corresponds to (A',x')}' 

Then the fibers of the morphism 

are isomorphic to J^^', where G' = Sp{2n — 2) and the G'-orbit of ^' is {X',x')- Now we have that 
dim 7"!^ = max dim and by induction hypothesis that dimJ"|?' = (dimZG/(^') — n + l)/2. 

For ^ corresponding to (A,x)) we have dimZG(^) = X]i>i(^'^i ~ xl-^i)) (see |X1| ). It is then easy 
to check that dimj^l' = (dimZG'(^) — n)/2 using the following lemma ( |X31 5.3]). 

Lemma 3.3. We have dimX(^y .^i^ = dimJ-|^ if and only if {X',x') oi'^^d (A,x) c^^'e related as 
follows: a; = \j and ^{X'-) = x(A,) for j ^ {i - l,i}, X[_^ = X', = A^ - 1, and x'iK-i) = x'iK) ^ 
{x(Ai),x(A^)-l} satisfies [A^/2] < x'(A',) < X[, x{Xi+i) < x'i^d < x(Am) + Ai - A^+i - 1 (this can 
happen if Xi-i = Xi > Aj+i/ Moreover diuiYi^xx') = ^ — 1 ^/x'(Ai) = x(Aj) a^^c? dimY^^xx') = ^ — 2 
^/X'(A9 = X(A.)-1. 

3.3. Suppose that G = SO{V,Q) with diml/ = 2n + 1 in this subsection. We can identify the 
variety B'^ with the set J^*^ of all complete flags = Vq C Vi C • • • C V2n+i = V such that 
V2n+i-i = and Q\vi = for all i < n. 

Lemma 3.4. Suppose that ^ G A/'g* . We can identify with the set 

Jf = {F = (^0 C Fi C • • • C V2n+i) G -F^ I P^iV^, V2n+2-i) = for all i < u + 1}. 

Proof Let ,^ E o(2n+l)*, x € o(2n+l) and F = (Vq C li C • • • C V2n+i) G -F*^- There exists a basis 
Ci, z G [-n,n], of F such that (3{ei, ej) = (5i+j,o + ^ifl^jfl, Q{ei) = (^i,o, and Vk = span{ei, i e [1, k]} 
for all k < n. Assume that xa = XijCj. We have Xij + x-j-i = for all i,j G [—n,n] — {0}, 
Xi-i = and j;o,i = for all i S [— n, n], and 

^(^) = X] 2;ji/3^(ei,e_j) + ^ _i/3g(e_j, e_i) + ^ x-ij/3^{ej,ei) 

ije[l,n] l<*<i<" 1<^<J<'^ 

+ XI 3;i,o/3§(eo,e-i) + X a^-i,o/3e(eo, e,). 

ie[l,n] je[l,n] 

Let i? = {5 G G I (/Fj = Vj} be the Borel subgroup corresponding to F. For x G b, we have Xij = 
for 1 < i < j < n, Xi^-.j = for i,j G [1, ra], and Xj^o = for i G [1, n]. Hence ^ G n* if and only if 
(3^{ei, e-j) = for all 1 < i < j < n, (3^{ej,ei) = for all 1 < i < j < n, and /3^{eo, Ci) = for all 
i G The lemma follows. □ 

Suppose that ^ G A/"* and that c/g(0 = ("i;(A,x)) G Olf^. Let F = {Vi) G Ff. Then we 
have Qlvj =0 and f3^{Vi,V) = 0. Let V = Ff^/yi. The non-degenerate quadratic form Q on y 
induces a non-degenerate quadratic form Q' on V'; we write g' = o{y',Q'). The symplectic form 
induces a quadratic form /3g/ on 1/', which corresponds to an orbit (m';(A',x')) in A/'g'*. Let 
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K = {v e V\Q{v) = 0, P^{v, V) = 0} and for each (m'; (A', x')) ^ ^*Bn-i ^^^^ arises in this way, let 

^■m;{\',x') ~ ^ the symplectic form on Vf^/Vi induced by (3^ 

corresponds to (m'; {X',x'))}, 

Xm';(X',x') = = i^i) ^ ^ ^m';(A',x') i ' 

Then the fibers of the morphism 

are isomorphic to J^^' , where G' = SO{2n — 1) and the G'-orbit of ^' is (m'; (A', x'))- For ^ 
corresponding to (m;(A,x)) we have dim Zg'(^) = w + ^j>;^((i + l)Ai — (see |X1] ). Using the 
same argument as in the case of G = Sp{2n) and the following lemma ( jX3|. 6.3]), one can easily 
check that dim = (dimZG'(^) — n)/2. 

Lemma 3.5. We have Aim. X^i ^^i-^ = dmiT^ if and only if (m';(A',x')) '^^^ ("^jl^^iX)) ^'"c 
related as follows. 

(a) m' = m — 1, X'- = Aj and x'i^i) = xi^i) (this can happen if m — 1 > Xi — x(^i) )■ have 
dimy„.(A',;^/) = 0; 

(b) m' = m, X'j = Xj and x'(Aj) = for j ^ {i - l,i}, A-_i = A- = Aj - 1, and x'iK^i) = 
X'{K) G {x{\^),x{h) - 1} satisfies X'J2 < x'iK) < K, x(A.+i) < x'iK) < x(A.+i) + A, - 
Aj+i — 1 (this can happen if Xi-i = Aj > Aj+iJ. We have dimy„.(;^/ ,^/) = i if x'iK) ~ xi^i) o^f^d 
dimy„.(v,;^') =i-l if x'iK) = x(Ai) - 1. 

4. Induction for nilpotent orbits 
Suppose that p = 2 and G is of type or C in this section. 

4.1. In this subsection we recall the notion of j-induction in (see |L4] and the references 
therein). For p G W^, let hp be the smallest integer i such that p appears in the ith symmetric 
power of the reflection representation of W . For a parabolic subgroup Wj of W and pi G Wj, 
there is a unique p G such that hp = bp.^ and p appears in Indjy^pi; we write p = j^jPi- 

Let X = Un>o'P2i'n) (where we use the notation that P2(0) = {0}). Let Wq = {1} and for n > 1 
we denote Wn (resp. 5„) a Weyl group of type Bn or Cn (resp. An-i). Let sgn denote the sign 
character of Sn- For each k > 1, we have ( [L4j ) 

(a) Jw:tsS^ ^ sgn) = Ur) for r = (/x)(z.) G P2(n) ^ W^^, 
where jk ■ 3l ^ X, (/i)(i^) ^ (;u')(z/'), is defined by 

+ 1 ifi<(fc + l)/2 f + 1 i{i<k/2 

I /ij otherwise ' \ t'i otherwise. 

It is easy to see that jk is injective and jk o ji = ji o jk- 

4.2. For a parabolic subgroup P of G with a Levi subgroup L and unipotent radical Up, let 
p, rip, [ denote the Lie algebra of P, Up, L respectively. We define p* = G g* \ ^{np) = 0}, 
t^p = e 0* I ?(^ © np) = 0} and [* = g g* | ^(up np") = 0} where g = [ np © Up^. 
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Let c' be a nilpotent L-orbit in [*. Since q* has finitely many nilpotent G-orbits, there exists a 
unique nilpotent G-orbit c in g* such that c n (c' + n*) is dense in c' + n* (note that c' + n* C AAg*). 



Following |LSj we say that c is obtained by inducing c' from [* to g* and denote c 



Indf. p,c' 



Proposition 4.1. Suppose that c' £ Mi* and c 
Wl is the Weyl group of L. 



We have %*{c) = j{y (7i*(c')); where 



The proposition is an analog of [LS^ 3.5]. To prove it one can adapt the proof in [S3t 4.1] (another 
proof in unipotent case is given in |LSJ ) . We outline the proof here. Suppose that 7g*(c) = p & 
and 7|.(c') = p' E W^. Let C e c' and ^ E (C' + n; 

dimB^, by direct computation (using Proposition 



p' E Wj^. Let E c' and ^ E (^' + n*) n c. One can show that bp = dim Bf 

and the known information on 



and bpi = dim;B^, by direct computation (using Proposition 3.1 

dimZG'(^) and on bp) or by adapting the proof in |S3| . It is easy to adapt the proof in [LS] to 
show that dimZG'(^) = dimZ/,(^') and dim^B^ = diuiB^,. It then follows that bp = bpi. Now let 
= {5 ^ G\g~^ G + Tip} and I^^^i the set of irreducible components of 1^^^' of dimension 
^(dim ZG'(^)+dim Z(;j/(^'))+dim {/p. Then Ag{^)x Al{£^') actson/^^^/; we denote the corresponding 
representation by e^,^'. We have I^^^/ / and (p', Res|^^(/?))vi/i = (1, £5,g')AG(g)xA£(5') / (see 



Indf, „*c' does not 



IL2 1 IX3| ). It now follows from the definition of j-induction that p' = {p'). 



Note that it follows from Proposition 



4.1 



and the injectivity of 7g* that c 



depend on the choice of P D L. Hence we can write c 



Indf. d 



4.3. Let g = sp(2n + 2k) (resp. o(2n + 2k + 1)) be the Lie algebra of (5 = Sp{2n + 2k) (resp. 
S0{2n + 2k + 1)). Let P be a parabolic subgroup of G such that I = sp(2n) © 0i{k) (resp. 
o(2n + 1) ©g[(A;)) for a Levi subgroup L of P. Let c be the nilpotent orbit in [* corresponding to the 
nilpotent orbit (A,x) G (resp. (m; (A,x)) £ ^*bJ ^^"^ *o ^ ort)it in Ql{k)*. Let (A,x) (resp. 
(?7i;(A,x))) correspond to the orbit c = Indf, c. We write (A,x) = jki^,x) (resp. (m;(A,x)) = 



jjfc(m; (A, x))) in view of the following commutative diagrams (see 4.1 (a) and Proposition |4.1 



*2 



3 k 



3k 



*2 



where 7* is the Springer correspondence map. Using this one easily sees that (see also |S2| 

(a) For every (A, x) E (resp. (m; (A, x)) £ j; there exists a sequence of integers . . . ,ls 



such that ji^ o • • • o j/^((A, x)) (resp. ji^ o • • ■oji^{m; (A, x))^ is of the form jt^ o ■ 
sequence ki, . . . ,kr. 



° ikr (0) for some 



5. Closure relations on nilpotent orbits in g* when G is classical 

5.1. Assume that G is of type B or C. By identifying with the set of V2{n) we get order 
relations on (see Subsection 2.1). We have 



Theorem 5.1. Suppose that p = 2 and c, c' E AAg* . We have c < d if and only if 7g* (c) < 7g* (c') . 



Note that theorem is true when G is of type D by |S2] or when p ^2 (see [X2| ) (in these cases we 
can identify g* with g). We prove the theorem in the remainder of this section (where we assume 
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that p = 2) using similar arguments as in [S2j most of the time. In the reduction process of 5.3 
use a different argument without using the theory of sheets and packets. 



we 



5.2. Assume that G = Sp{V, (, )) (resp. SOiV, Q)). Let Vi and V2 be orthogonal subspaces of V 
such that V = Vi® V2. Then the restrictions of (,) (resp. Q) on Vi and V2 are non-degenerate. Let 
Gi=Sp{Vu{,)\v,) (resp. d = SO{Vi,Q\v,)) and G2 = Sp{V2A.)\v2) (resp. G2 = 50(^2, QlvJ)- 



Using the isomorphism g* — > iJ(^) (resp. g* — > G{V)) (see 2.2 (a)) we have a natural inclusion 
0*1 eg^ C 0*. 

Lemma 5.2. If S,i,r]i £ Mq* and £,2,112 G AAg* are such that cZg^(^i) < cZG^(ryi) and 0/^2(^2) < 
ch-^im), then dciii + £2) < clcim +772). 



5.3. For r G X^, we denote Cr G the corresponding orbit, where R stands for B or C (type of 



G). We show by induction on dim G that if r' < r then Cr' < Cr (see Subsection 5.4 for G = Sp{2n 



and Subsection 5.5 for G = S0{2n + 1)). We may assume that this is true for classical groups of 
strictly smaller dimension and that r' < r, {r" G ^*r\t' < t" < r} = 0. We have the following 
reduction process. 

Reduction 1. Suppose in the case of G = S0{2n + 1) (resp. Sp{2n)), we have g* D g^ ® g2 with 
/ g* / g* and g^ ^ o{2k + l)*, g^ ^ o(2n-2A;)* (resp. g^ ^ 5p{2k)* , g^ ^ 5p(2n - 2/c)*). Assume 
that we can find ^ = ^1 + ^2 £ Cr, £' = £[ + £2 & Cr' with ^1, £[ G g* corresponding to n, t( in X 
and ^2 ; ^2 ^ 02 corresponding to T2 , in X, such that t[ < ti and r2 < T2. Then by induction 
hypothesis and Lemma |5.2| we have c^' < Cr- 



Reduction 2. Assume that we can find w > w' in X*^ such that r = jj^ o • • • o jj^ (w) and 
r' = jij o • • • o for some positive integers ii, . . . ,ir. Then by induction hypothesis and the 

fact that induction for orbits preserves order, we have Cr' < c,-. 



5.4. Assume that G = Sp{2n). We have = {{ii){v)\ui < in + l}. Let r = (/u)(i/),r' = 
G X*^^ be such that r > r' and {r" G X^^ |^ > ^// > ^/} ^ 0^ 

Lemma 5.3. Suppose that reduction 1 does not apply. One of the following is true: 

(a) T = t' = ifii - + 1); 

(b) T = (/Ul,^2)(i^l,i^2), t' = {pi,H2 + - 1,^2)- 

Proof. Note that we can apply Reduction 1 if /^^ > 2 or > 2, and for some j, /ij + Vj = ^i'- + u'- 
with pLj > fi'j or Vj = v'f^ for some k < j. We denote by (1") the partition with all parts 1 and 
multiplicity a. Since Reduction 1 does not apply, if ni + vi = pi'^ + v[, then we have /^i < 1, J^* < 1 
and thus r, r' are as in case (a). From now on we assume that pLi + vi > pi'^ + u'^. Let r = fii and 
a = fi*. Then r > (otherwise r = (0)(1'^) is minimal). We have the following cases. 

1) pi > /Xp Let h = V* and c = Then c < a and h < 

i) If 6 < a, then there exists r" G X^ such that r = r" + (1")(1^). One easily verifies that 
T > r" + (l'')(l") > r' (note that /i^ - 1 = ^1 - 1 > /u'^ for i G [b + l,a]). Hence r' = r" + (1^)(1"). 

ii) If 6 > a and c 7^ 0, then there exists t" G X^ such that r = r" + (1")(1'^). One easily verifies 
that t>t" + (l"+i)(l'="i) > r' (note that z^c - 1 = /^i > i^c and i^i + /i^+i - 1 = 2/ii - 1 > f,' + ^.^i 
for iG [c+l,a-l]). Hence r' = r" + (l'^+i)(l^-i). 

iii) If 6 > a, c = and 6 < ij,*^^, then there exists r" G X^^ such that r = r" + (l'')(l*). One 
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easily verifies that r > r" + > r' (note that /ia + z^a - 1 = 2/xi - 1 > + and 

Ui + fii = 2ni-l> u'- + n[ for i G [a + 1, 6]). Hence t' = t" + 

iv) If 6 > a, c = and 6 = then let r" = with z^" = and ^'l = fii except 

that fi'^ = fia — ^ and fJ-'l^i = fJ-b+i + 1- Then one easily verifies that t > t" > t' (note that 

fia - I = fii - 1 > ^^a, //a + - 1 = 2/xi - l> fi'^ + u'^ and > /i-, i/j > f ■ for i G [a + 1, 6]). Hence 
^" 

T = T . 

Since /^i > fi[, in case (i) we have 6 = 0, cases (ii) and (iii) do not happen, in case (iv) 
we have a = 1. As Reduction 1 does not apply, in case (i) we have a = 1, r = (/ii)(zvi) and 
r' = (/ii -l)(z^i + l); in case (iv) we have b= 1,t = (/xi, ;U2)(m1j ^^2) and r' = (/_ii - 1, ^2 + l)(Aii, ^^2), 
but notice that r > (^i,/X2 + 1)(mi ^ 1)2^2) > t' {1^2 < /^i — 1 since 6 = 1) so case (iv) does not 
happen. It follows that r and r' are as in (a). 

2) jii = /ip Then vi> u'^. Let s = z^i and b = v*. 

i) If a < b, then there exists r" G such that r = r" + (l'*)(l^). One easily verifies that 
r > r"+(l''+i)(l'^-i) > r' (note that i^^-l = > u'- fori G [a, 6]). Hence r' = r"+(l^+i)(l'^-i). 

ii) If a > 6 and Ua = s — 1, then there exists r" G such that r = r" + (1")(1^). One easily 
verifies that t > t" + > t' (note that i^f, - 1 = 1^1 - 1 > i^^' = ^1 - 1 ^ 

Mi = W > Mi for i G [6+ l,a]). Hence r' = r" + (l"+i)(l^-i). 

iii) If a > 6, fa < s — 2, then there exists b' G [6 + 1, a — 1] such that Vb+i = ■ • • = i^b' = s — 1 > Vb'+i- 
Let t" = (/i")(z^") with = fj, and = Vi except that = ff, — 1 and i^^'^^ = z^fe'+i + 1. Then one 
easily verifies that t > t" > t' (note that — 1 = 1^1 — 1 > f^, and /Xj = /ii > = ^^i — 1 ^ 
for i G [6 + 1, b']). Hence r' = t" . 

Since z^i > u'^, we have that in case (i) a = 1, in cases (ii) and (iii) 6=1. As Reduction 1 
does not apply, in case (i) we have 6 = 1, r = {fJ-i, fJ-2) {^1,1^2) and t' = (/Ui,Ai2 + — 1;'^2); 
case (ii) does not happen (a > 2); in case (iii) we have 1^2 < i^i — 2, r = (mi, /Ui)(z^i, 1^2) and 
t' = (mi, Mi)(^^i — 1) 2^2 + 1) (but notice that r > (mi, Mi ~ l)(^i! 1^2 + 1) > 7"') so this case does not 
happen). It follows that r and r' are as in (b). □ 

Proposition 5.4. Suppose that Reductions 1 and 2 do not apply. One of the following is true: 



(i) 


T 


= (1)(0), r' = (0)(l); 


(ii) 


T 


=(l)(l), r'=(l,l)(0); 


iii) 


T 


=(l)(2), r'=(l,l)(l); 


iv) 


T 


= (1)(2,1), T' = (l,l)(l,l); 


(v) 


T 


=(f,f-l)(l), r'=(f,f)(0) 



^i/i-i 



Proof. In case (a) of Lemma 5.3 we have r 
w = (l)(0) > = (0)(1). In case (b) of Lemma |5. 3 

'il^ (w') if '^i < M2 + 1) where uj 



^ j2^{uj) and r' = jf' 
we have r — "'^^ 



""^ o (a;'), where 



r=jj^ 'oj;j-(^a;-j It i/i s M2 + i, wnerew = (/i2- 

1/1+2, /X2-z^i + 2)(0); r = jT-'^^oj-^-^^-ioj-g^^-^^oif (^) and r' 
if /i2 + 2 < 1^1 < Ml and 1^2 < M2j where uj = (1)(1) > cj' = (1, 1)(0); r 
and r' = j^i~^'2~2 o jr^^~'^^ o j^^{u)') if z^i = Ml + 1 and 7^2 < M2i where uj 

-vi + l 



ioj-i--2-iojf (u;) and 
i/i + 2,^2-z^i + l)(l) > a;' = (/i2- 



U\ -l/l 

°32 



M2- 



-"'Of.^iuj') 



-1 •/i2- 

-2 -112- 

T = Ji oj^^(u;)andr = jf ' o J2 oj^"(w)ifz/2 



M2 + 2, where uj 
follows. 



(1)(2,1) > 



(l)(2)>a;' = (l,l)(l); 
M2 + 1 and ui > 
(1,1) (1,1). Since Reduction 2 does not apply, the proposition 

□ 
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It remains to show that in each case of Proposition 5.4 we have 0^-1 < c,-. In case (i) it is obvious 
that Cr' < Cr as r' corresponds to the orbit. In each case (ii)-(v), we choose an element ^ G c,- 
and define a family {gt S Sp{V), t S k*} such that limt^Q g^^ = ^' G Cr'- Then it follows that 
c-r' < Cr- The elements ^ (or equivalently the quadratic form associated to S,) and the family 
{gt S Sp{V), t G k*} in each case are given as follows. We have ag,(^{v) = a^{g~^v). 



Let ej, i G [— n, n] — {0} be a basis of V such that (e^, ej 



(ii) a^iJ^aiCi) = + Otei = tei, gte2 = e-i, 9te-\ = gte-2 = e_2- Then 



i ' 

2 



(in) a^{Y,aiei) = of + aia_2 + a2«-3; gtei = ei, gte2 = je2, gtes = \e^,gte-i = e_i, gte-2 = 
te-2, gte-3 = te-3. Then a^-i^iY^ aiCi) = aj + 020.3 + taia_2. 

(iv) a^i^aiCi) = aia_2 + 020.3; gtCi = tei, gte2 = 62 + 64, gtes = 63, gte^ = te^, gte^i = 
jc-i, gte-2 = e-2, gte-3 = e_3, 5*6-4 = }(e_4 + e_2). Then a^-i^iY, caei) = aia_4 + 020.3 + 
taio_2. 

(v) ag(^a,ei) = Eie[i,d] +Eie[d+2,2d-i] aia-i-i+Orf+aM' where d = f ; 5*61 = ei, c/4e_i = 
e-i, 5tej = }(ei + ej+d) and gte_j = te_j for i G [2,(i], 5*6^+1 = jc^+i, gte-d-i = te-d-i, gtei = 
ei and gte-i = e-i + e_i+rf for i £ [d + 2, 2d]. Then ag-i^(X] cLi^^i) = aia-d-2 + Ziep.d] OjO-i-i + 

Eie[d+2,2d-i] + oL + *ai«-2- 



5.5. Assume that G = S0{2n + 1). We have Xf = {(;u)(i/)|i/i > fii+i}. Let r = (/u)(i/),r' = 
(M')(i^') e be such that r > r' and {r" G Xf^|r > r" > r'} = 0. 

Proposition 5.5. Suppose that reduction 1 and 2 do not apply. Then r = (l)(n — 1), r' = (0)(n). 



Proof. Note that we can apply Reduction 1 if ^ui = pi'^ or if for some j > 1, ^j+i + = Z^^+i 
with Uj > u'- or /ij+i = /u'^ for some k < j + 1. 

Since Reduction 1 does not apply, we have ^1 > /i'^. Let r = /ii and a = /i^ Let r" = 
with /i'/ = — 1 for i G [l,a] and v'^ = i/j + 1 for i G Then one easily verifies that 

t" G X*^ and t > t" > t' . Hence r' = r". Since Reduction 1 does not apply, we have a = 1, 
r = {^il,^l2){lyl) and r' = (^i - 1,/X2)(i^i + 1). We have r = jr^"^"' o j^'^-^^ „ j3^2((l)(0)) and 
r' = jT-"^-' o o jt^((0)(l)) if > + 2; r = "^^^-^ o jf^((l)(z.i + 1 - ^1)) and 

t' = ° i3^((0)(^i + 2 — ^1)) if /ii < J^i + 1. Since Reduction 2 does not apply, r and r' are 

as in the proposition. □ 



Let r = (l)(n — 1) and r = (0)(n). We show that Cr > c,-'. If n = 1, this is obvious. Assume that 
n > 2. Let ei, i G [—n,n] be a basis of 1^ such that Q{ei) = di^ and {ei,ej) = (5j+j,o — '^i,o<^j,o- Let 

be the symplectic form corresponding to ^ G TVg. such that l3^iYyie[-n,n] Z]ie[-n,n] ^«^«) = 
aob-i + 6o«-i + flnfe-i + bna-i + X]je[2,„_i] (aj^-i-i + biU-i-i). Then ^ G Cr. Let gt G 50(1^), 
t G k* be defined by: 

1 . ^ 

gteo = Co, 5tei = -ei, gte-i = te-i, i G 

We have /3g-i^(I] o^ej, ^ ftjCi) = (3({gt{Yl o-i^^i)^ 9tiT.biei)) = t{aob-i + 6oa_i) + a„6_i + &„a_i + 
I^ie[2,n-i](«*^-i-i + bia-i^i). Thus limt_^o 5^^-'^ ^ c^' and Cr' < c^. 
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5.6. We show that if Ct-/ < Cr then t' < t. Since induction for orbits preserves order and jk{T') < 
jjfc(r) iff t' < T, we may use the operation as often as needed. We show that 

(*) E + E (/"j + ^jO, 

i6[i,i] je[i,i] 

(**) E (^i + ^i) + /^i< E (/"j + 

i6[i,i-i] i6[i,i-i] 

We write codim(T,r') = codinij^c^/ for r,r' € . For each / > 1, let = {{t,t') E X*j^ x 
Xr, > Cr' and (*) fails for i = I}, A; = {(r, r') E x X*^, Cr > Cr' and (**) fails for i = I}, 
d = min{codim(T, r')|(r, r') E F^}, d! = min{codim(T, r')|(r, r') E A^} and 

F; = {(r, r') E F^|codim(r, r') = d}, A/ = {(r, r') E A^|codim(r, r') = d'}. 

It is enough to show that F^ = and A^ = 0. 

It follows from the definitions that we have 
Lemma 5.6. (a) if {t,t') E F^ (resp. Ai) then {jkir), jki-r')) G F/ (resp. AJ. 

(b) ifT,T',T" E X*^, Cr > Cr" > c^/ and {t,t') E F, (or Ai), then r = t" or t" = t' . 



Assume that G = Sp{V,{,)) (resp. SO{V,Q)). Let {t,t') E F; or A^. We can assume that 
T = Jfc(w) for some uj E X*^. Let S be an isotropic subspace of V with dimS = k and let C ^ 
be such that S-*- = S © W. Let P be the parabolic subgroup that stabilizes S and L the Levi 
subgroup of P that stabilizes W. Then L ^ 5p(2n - 2A;) x GL(A;) (resp. SO{2n -2k + l)x GL{k)). 
We have c7 = G.(c;;j + rip). Since Cr > Cr', there exists ^' E c,-/ such that a^'|s = 0, /^^'(S, S"*") = 
(resp. P^'{Tj,Tj-^) = 0) and such that a^/ (resp. /3^') induces a quadratic form (resp. symplectic 
form) on T,-^/T, = W which corresponds to an element r]' E c^. Let u' E X*^ correspond to the 
Sp{2n — 2A;)-orbit (resp. SO{2n — 2k + l)-orbit) of r/'. We have Cr' < Indf, C(^' < Cr = Ind^, c^ and 
thus 

either a) Cr' = Ind^, c^j' 
or b) Cuj' = c^. 

In case a) we have r' = jk{^') and {uj,(jj') E F; or A;. Applying jk when needed we can assume 



that T = jk^ o ■ ■ ■ o jki (0) for some sequence ki, . . . ,kr (see 4.3 (a)) and moreover: 

(i) ki = 2s is even; 

(ii) < ki — ki^i < 1 for i < r — 1 and ki = ki^i if 3\ i; 

(iii) fi'i* < s, < s. 

We apply the previous construction with k = kr, and repeat the argument in case b) with (r, r') 
replaced by {lj,u}') (conditions (i)-(iii) above are still satisfied) until we reach a point that oj = uj' . 
Hence we are reduced to the case that {t,t') E F; (or A;), r = j^^ o • • • o jkj^{0), uj = ca' = 
jkr-i°' ■ ■°Jfci (0) (■'") satisfy (i)-(iii) above), where r' and uj' are related as in the above construction. 
We will study more closely the relation between r' and uj' and derive a contradiction. 



Suppose that uj = uj' = {a){5). Let a = [{kr + l)/2], b = [kr/2]. We show that (see 5.7 and 5.8) 

c) Ai- < o"! + 1 = /Ua for ah i; 

d) ^- + f • < CTi + (5i + 2 = yUfc + vi, for all i; 

e) if a < s, then /i'- > CTi = fii and > 5i = Vi for i E [a + l,s] (resp. if 6 < s, then 
l^i+i > o-j+i = fJ-i+i and > 5i = Vi for i E [6 + 1, s\). 
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If {t,t') G r^, it follows from c) and d) that I > b + 1 and from e) that I < b; {t,t') G A; it 
follows from c) and d) that I > a + 1 and from e) that I < a. This is the required contradiction. 

Suppose that r > 1. We have if kr-i = kr is odd, then a = b+l, a={r — I)"(3i2)(3i4) • • • , 
5 = {r — l)^(3zi)(3i3) • • • ; if /cr-i = is even, then a = b, a = {r — l)"(3ii)(3i3) • • • , 6 = 
(r - I)''(3i2)(3i4) • • • ; if kr-i = /cr + 1 is even, then 3\r - 1, a = b + 1, a = {r - l)'*(3n)(3i3) • • • , 

5 = (r-l)''+i(3i2)(3i4) ••• ; if h-i = kr + lis odd, then 3\r-l,a = b,a = (r - l)'^+i(3i2)(3i4) • • • , 

6 = {r — l)^(3ii)(3z3) • • • ; where in each case r — 1 > 3ii and ii > i2 > is > ■ ■ ■ ■ 



5.7. We prove 5.6 c)-e) for G = Sp{V, (, )) by studying the quadratic form a^/ on S /S induced 



by a^'. Let c = max(/X]*, u'l). 

If c = 1, then V is indecomposable (as T^z-module), and a^i = *VF^(;^^)(Ai) (where x('^i) = /^ii 



Ai = ^[ + z^J; see 2.4.2 (a)). Then one easily verifies that (i;-L/S,a^/) ^ *W^^Xj)-i{M - 2) (if 
dimS = 2), *W^(a7^Ai - 1) or *W^(a,)(Ai - 1) (if dimS = 1). Thus cti* < l,6i* < 1 and 
fj.'i — 1 < fJi < fi[, i^'i — I < 6i < in this case (c) and (d) hold. 

If c > 1, then V is decomposable, and there exists an orthogonal decomposition V = (B^^-^Wi 
with Wi indecomposable, diml^i > dimVF2 > • • • > dim Wc, such that S = (Bi^i{Wi n S). We 
apply the previous result for each factor in the decomposition S"*-/!! = ©i=i(Wi n T,-^)/{Wi n S). 
Assume that ag'lvKi = *^«'('^i) (where X[ = n'^ + u'^. Then l[ < ^'^ and 1'^ = ^'^ for some j. 
Suppose that ar?'|(VFins^)/(VKins) = We have ai = max{/f} > max{/^ — 1} = — 1 and 

+ 5i = max{A'/} > max{A'j — 2} = fi'^ + v'y — 2; thus c) and d) hold. 

Now we prove e). Assume that a < s. Then r > 1 and c = s. Note that ctj + 5j — ((Tj+i + (^4+1) > 3 
for i G [a, s — 1]; hence if ^ is a permutation such that dim(VK^(j)nIl-'")/(W!0(j)nS) > dim(VF^(j4.i)n 
S-'-)/(H^^(j_l_i') n S), then ■i/;(i) = z for i G [a+l,s]. Moreover since crj+i — (Tj+2 > 3 and (^j — > 3 
for i G [a, s — 1], /" = fij for all i G [a + 1, s]. It follows that I'l = r — \ = ai for i G [1, a]- Now 
we have l[ > I'l = ai > ai+i + 1 = I'l^^ + 1 > and \'i-l[> 5i > 5i+i + 1 > A'^^^ - for 
i e [a + I, s - I], X'a - I'a > X'a - I'a = 5j > 5a> ^a+i + 1 > X!^+^ - l'^^^ for some j G [1, a]; hence 
/• = ^\ for z G [a + 1, s]. Then e) follows. 



5.8. We prove 5.6 c)-e) for G = SO{V,Q) by studying the symplectic form (3^' on S /S induced 



by fi^i. Let c = max(;u']* — 1, i^J*). 

If c = 0, then /i'^ = m, = 0, F = span{uj,i G [0, m],Mj,z G [0, m — 1]} (where Vi,Ui are as in 



2.2 (b) (c)), S = spanjuo} and thus a\ <1, ai = m — l,5i = 0; in this case (c) and (d) hold. 



If c > 0, then there exists an orthogonal decomposition V = spanlfj,? G [0,m],nj,i G [0,m — 
1]} ffif=i with Wi indecomposable (as T^z-module), dimW"i > dim 1^2 > ••• > dimiy^, such 
that S = (span{?;j,i G [Q,m],Ui,i G [0, m - 1]} n S) ef^^ (Wj Pi S). Assume that T^i\w, = 
(where \[ = ^[j^^ + v[; notation as in jX2t 5.6]). One easily verifies that T^j7'|(Wins-i-)/(VFins) — 
Wi/_i(A', - 2) (if dim(Wi n S) = 2), W^.^iX/^ - 1) or Wr,{>!i - 1) (if dim(Wi n S) = 1). ' Write 
7;,'W.ns^)/(H^,nE) = W^z^'(AD- Then V, -I < I'l < I', and Af > A', - 2. We have - 1 < < 
and (^1 = max{/". A" — cJi} > max{Z^ — 1, + — 2 — ui}; thus 5i > z^J — 2 if cji = /i'^^ and 5i > — 1 
if ai = /i'^ — 1 (note that = max{/^, + i^J — /i'^}). Hence c) and d) follow. 

We prove e). Assume that b < s. Then r > 1 and c = s. Note that cjj+i + (^j — (o-j+2 + (^i+i) > 3 
fori G [6, s — 1]; hence if is a permutation such that dim(W^(j)nS-'-)/(W^(j) nS) > dim(W^(j^i)n 
S"*-)/ (PV!0(-j_|_i) n S), then = i for z G [6 + 1, s]. Moreover for alH G [6 + 1, s], = 6i since 
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o"i — (Ti+i > 3 and 6i — Jj+i > 3. It follows that I'- = r — 1 = 6i for all i S [1,^]- Now we 
have l[ > I'l = 5i > 6i+i + 1 = Zf+i + 1 > l'^^^ and A'^ - l'^ > a,+i > ai+2 + 1 > K+i " ^*+i for 
i G [6 + 1, s - 1], A'j - l[ > \'l - I'l = aj+i > ab+i > ab+2 + 1 > ^^'b+i - I'b+i fo'^ some j G [1, b] or 
{if b = 0) m > (Tfe+i > ab+2 + 1 > ^'b+i ~ ^'b+v hence = > 5i and fi[^^ = X'i - I'i > c^i+i for 



i G [6 + 1, s]. This completes the proof of Theorem 5.1 

6. NiLPOTENT PIECES IN 0* FOR TYPE B, C 

Assume that p = 2 and G is of type B or C throughout this section unless otherwise stated. 

6.1. Suppose that G = Sp{2n) (resp. SO{2n + 1)). Let X]^ C X denote the image of the Springer 
correspondence map ^yoc '■ ^Gc ~^ W^, where as before R stands for B or C (the type of G or Gc)- 
We have (see [Ell 1X2]) 

= {{^Aiy)\^J'i+l - 1 < ^'j < /^j + 1}, = {(m)(i^) e l/^i+i <vi<iii + 2}. 

Let f G X|j and let c G M^* be such that 7g*(c) = f. Define S| to be the set of all orbits c' G A/'g* 
such that c' < c and c' ^ c" for any c" < c with 7g*(c") G Xj^. We show that 

(a) {S? Ifexjj /o'^'Ti a partition of Mq* . 
Following |X2) . we define maps 

^X)j, (//)(z.) ^ (A)(z>), 

where if R = B, then 

= if^.>/x^+2 ~_r[^^^] if^.>/i.+2 

1 /Uj if i/j < /Xi + 2 ' * \ Vi iivi< iii + 2 ' ' 

if = C, then fii = and 

I [M^i^j if^^.<Mm-l p._n^^] ifi^.<mi-l .>! 

[ /ij+l if Vi > fii+l - 1 [ Ui II l^i > /Uj+1 - 1 

It is easy to verify that in each case we get a well-defined element {fj){y) G X\^. We have 

(b) ifm{v') G X\, G X*l then ^R{{^l'){u')) = < <!>/?,((/.) (i^)); if more- 

over < {fi'W), then ^Rmiu)) < ifi'W). 

In fact, if = C, (b) fo: 
Now in view of Theorem 



lows from [X21 4.2]; if R = B, one can prove (b) by the same argument, 
it follows from the definition of S| and (b), (c) that for each f G X]^, 



5.1 



(d)7r(sf) = «>^^'(f). 
Then (a) follows from (d). 

6.2. We define a map 

^Wg,, c^A = (Ai>A2>---) 
as follows such that each fiber is an nilpotent piece (see Proposition 6.1). 



Assume that G = Sp(2n) and c = (A,x) G . If x(Ai) > ^, then Ai = 2x(Ai), if x(A2i) > ^ 
and x(A2i) > x(A2i+i), then 



^2^ 



A2i - x(A2i) + x(A2i+i) if x(A2i) - A2i + x(A2i+i) > 1 
2(A2i - x(A2i)) if x(A20 - A2^ + x(A2^+l) < 
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if x(A2i+i) > ^^5^ and A2t+i - x{^2i+i) < Mi - x{Mi), then 
otherwise A,- = A,-. 



A2i - x(A2i) + x(A2i+i) if x(A2i) - A2i + x(A2i+i) > 1 
2x(A2i+i) if x(A2i) - A2i + x(A2m) < ' 



Assume that G = S0{2n + 1) and c = (m; (A, x)) e • Let 

r , -f lo f "i + x(Ai) ifx(Ai)>m + 2 

~ 1 2r77 + 1 if yQi ) <m + 2 ' - < 2x(Ai) - 1 it [—J < x(Ai) <m + 2 . 



For i > 1, if x(A2i) > ^ and x(A2j) > x(A2i+i), then 

A2i+1 = 



A2i - x(A2i) + x(A2i+i) if x(A2j) - A2i + x(A2i+i) > 2 
2(A2i - x(A2i)) + 1 if x(A2i) - A2i + x(A2m) < 1 ' 



if x(A2i+i) > and A2i+i - x(A2i+i) < A2i - x(A2i)' then 



A 



2j+2 



A2i -x(A2i) +x(A2i+i) if x(A2i) - A2i + x(A2i+i) > 2 _ 
2x(A2m)-l if x(A2i) - A2i + x(A2m) < 1 ' 



otherwise A2i+i = A2i, A2i+2 = A2i+i. 
We show that 

(a) ^Gc°'^*R = ^R°%*- 
Let G = 50(2n+l) (resp. Sp{2n)) and c G Otf . Assume that 7g.(c) = (/x)(z^), = 
and = 7Gc(A)- Using the definition of ^r, one easily shows that i>i = /ij + 2 iff f j > + 2 

and Hi + Ui is even, and Di = /ij+i iff = /ij+i (resp. z>i = /ij + 1 iff = /ij + 1, and Di = Jli+i — 1 
iff I'i < /ij+i — 1 and vi + ^Uj+i is odd). Using this and the description of the map (see |X2| 
2.4]), one easily verifies that 

/ij + Vi if /Xj < - 2 _ { + if f j > /ij + 2 

A2j-i = { 2/Xj + 1 \i Vi - 2 < iii < Vi^x , A2j = < 2vi - 1 if /ij+i < i/j < /Xj + 2 
2[ii if /Xj = [ 2vi if = /ij+i 

+ if [li > + 1 ^ ( Hi+i + z^j if Vi < Hi+i - 1 

resp. A2j-i = { 2/Xj if Vi < m < Vi-i , A2i = < 2i/j if /ij+i < Ui < fii 

2/Xj + 1 if /Xj = i/j - 1 I 2i/j - 1 if Vi = jji + l 



It is then easy to verify that A = ^Jj(c) using the description of 7g. (see 2.3). 



Proposition 6.1. Two orbits ci,C2 G AAg* ^ie in the same nilpotent piece as defined in \L5\ IX4j if 

and only if «'|j(ci) = ^|j(c2). 



6.1 



Note that the proposition compu tes t he nilpotent pieces in q* explicitly. Now in view of (a) and 

that each set S| is a nilpotent piece defined in \L5\ IX4| 



(d), it follows from Proposition 



6.1 



One can also define a partition of Ng* into special pieces as in |L3l IX2j and show that each special 
piece is a union of nilpotent pieces. The proof of the proposition is given in the remainder of this 
section following the argument used in |X2] . 
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6.3. Suppose that G = Sp{V,{,)) (resp. SO{V,Q)). Let c G TVg. and ^'|j(c) = c = A. Suppose 
that Tc = (/a)aeN and Tg = (/a)aeN (see |2.4.3[ ). We show that 
(a) fa = fa for all a e N. 



Then Proposition 6.1 follows from (a) and Lemma 2.4.3 



We prove (a) by induction on dimF. Let G c. If ^ = 0, (a) is obvious. Assume from now on 
that ^ 7^ 0. Let = (V>a), V , ^' be associated to and N , e, f defined for as in 2.4.1 (resp. 
2.4.3|. Let c' be the orbit of f in g'* and let c' = "^l^ic') = A'. Suppose that T^/ = (/^) and 
Tc' = {fa)- Since dimF' < dimF, by induction hypothesis = for all a G N. By the definition 
of K we have that for all a £ [0, N — 1], fa = fa and thus fa = fa- We show that 

Xi = N + l,m-^{Xi) = fN,my{Xi) = 0, my{Xi - 2) = m-^{Xi - 2) +m-^{Xi), 



(b) 



m\,{i) = m\{i) for all i ^ Ai, Ai 



2. 



It then follows from (b) and 2.4 (a') that fa = for all a > N + 1, f^ = fi\i, and that fa = f^ for 



all a G [0, iV - 1]. Hence (a) follows (note that = for all a > iV + 1). 
The proof of (b) is given in subsections 6.4 6.6 (resp. 6.7|6.9). 



6.4. Assume that G = 5p(y, (,)) throughout subsection 6.6 We keep the notations in 6.3 Suppose 
that c = (A,x)- We show that 

1 ^/e<2/, 
(a) fN={ rnx{e) ife = 2f + l, or e = 2f and x(e - 1) = / - 1, 

mx{e) + 1 ife = 2f and x{e - 1) = /. 



Recall that /at = dimV>Ar and V>n = V<r_j^_^-^ (see 2.4.1). We describe Vyj^ in various cases in 
the following and then (a) follows. 



Suppose that e < 2/. Then the map p : F — )• k, v ^ y a^{T^ ^v) is linear and thus V>]y = 
(ker p)-*- is a line. 

Suppose that e = 2/ + 1, or e = 2/ and x(e - 1) = / - 1. Then V>n = (kerT^-^)^ = ImT^'^ 

Suppose that e = 2/ and x(e — 1) = /. Let E be subspace of V such that V = ker r|^~^ © E and 
let W = X^ig[o e] Then {,)\w is non-degenerate (in fact, if (X^j^l^i)^) — 0' where Vi £ E, 

then {T^-^vo,V) = and thus vq G E^nkerT^"^ = 0; now use induction and similar argument one 
shows that Vi = 0). Thus V = WeW^,W^ is T^-stable and T^'^W^ = (W D TfW imphes 
that C (Imr|-^)^ = kerr|~^). We have y>_jv+i = {kei T^-^r\W)e{v G W^\a^{T^~\) = 0} 
(note that kerT^"^ (IW C ImT^). Thus V>n = ImT|"^ © L, where L C W-^ is a line (we apply 
the result in the first case for l^"*"). 



6.5. We describe c' = {X',x') in various cases as follows. Let j > be the unique integer such 
that x(e - j) = f and x(e - j - 1) < /. 

(i) e = 2/ + 1, or e = 2/ and x(e — 1) = / — 1. We have 

mx'ie) = 0, mx'{e-2) = mxie) + mxie - 2) (if e > 2), mx'{i) = mx{i) for i ^ {e,e-2}, 
x'(Ai) = x(Ai) for Xi i{e,e- 2], x'(e - 2) = f - I if x{e - 2) < f - I and x'(e - 2) = f if 
X{e-2) = f- 
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(ii) 6 = 2/ and xi^ ~ 1) = /• We have 

mx'ie) = 0, mx'{e - 2) = mx{e - 2) + mx{e) + 25j^i - 25j^2 (if e > 2), mx'{e- j) = mx{e - j) - 
2 + 5j^2mx{e), myie- j - I) = mxie - j - I) + 2 + 5j^imx{e) (if e > j + l), mx'{i) = mx{i) fori ^ 
{e,e- 2,e-j,e-j- 1}, x'{e - k) = f - 1 for k £ x'{i) = x{i) for i < e - j - 1. 

(iii) e < 2/. We have 

mx'{e-j) = mx{e-j)-2, my{e-j-l) = mx{e-j-l) + 2 (if e > j + l), mx'{i) = mx{i) for i ^ 
{e- j,e-j - 1}, x'{e - k) = f - 1 for k e [0,j], x'{i) = x{i) for i < e - j - 1. 

Let a^i and T^/ be defined for ^' as before. Let mx{e — i) = 2di. 

Assume that we are in case (i). We have a decomposition V = W ®Y oi V into mutually 
orthogonal T^-stable subspaces such that 

a^y = *Wf{eY^ and Tf^Y = 0. 

Then V>-n+i = (kerT^"^ r\W) ®Y and V>n = T^^^W . Hence we have a natural decomposi- 
tion V' = W © y of y into mutually orthogonal T^/-stable subspaces, where W = (kerT|~^ n 



W)/TfW, and (see 2.4.2 (ii)) 

a^'\w' = *Wf-i{e - 2)^^°, a^/|y = a^|y. 
We have x'{i) = max(xc,^,|^, (i), Xa^ly (i)) and x{i) = max(x„j|^ (i), Xa^iy («))• For < Aj < e - 3, 
- xi^i) < < e - / and thus Xa^\w(^i) = max(0,Aj - e + /) < xi^i), which implies 

that Xaf-lri^i) = Xi\) and thus x'(Ai) = max(max(Ai - e + / + 1, 0), Xa^|y (Aj)) = x{K)- Now 
x'(e-2) = max(/- l,Xaj|y(e-2)) and x(e-2) = max(/ - 2, x„j|y (e - 2)), thus the assertion on 
X'(e - 2) holds; x'(e - 1) = x(e - 1) since Xa^,\^,ie - 1) = Xa^|w-(e - !)• 

Assume that we are in case (ii). Then i > 1. We have a decomposition V = Wo © Wi © y of ^ 
into mutually orthogonal T-stable subspaces such that (we use |X1[ Lemma 2.9]) 

««ko = *Wf{e)''\ a^\w, = *Wf{e - j), Tf^Y = and a^l?/''^) = 0- 
Then y>_7v+i = (kerr|-^ n Wq) © Kw^ © Y and VStv = Tf^W^ © Lw^, where Kw^ = {v & 
Wi\a£^{Tl~^v) = 0} and Lw^ = K^^r\Wi. Hence we have a natural decomposition V = Wq®W'i® 
Y of V into mutually orthogonal Tg/-stable subspaces, where Wg = (ker T|"^n Wo)/T^''~"^^o, W[ = 
KwjLwi, and (see |2.4.2| (i) (ii)) 

<^i'\wl, = *Wf-i{e-2Y\ a^i\^ri=*Wf_i{e- j -I), a^/|y = ag|y. 

Wehavex'(i) = max(xa^,|^, («), Xa^,]^, (^), Xa^|y («)) and x(i) = max(xc,^|^Ji), Xajlv^^ (^)' Xa^ly («))• 
Thus for e — j < i < e — 1, x'{i) = / ~ 1 (note that Xaf|y(0 ^ / ~ 1); for i < e — j — 1, 
Xajlvv^Ji) < < Xa^,\^Xi) = Xa^l^y^ (0 (since i > 1) and thus x'(«) = x(^)- 

Assume that we are in case (iii). We have a decomposition of V into mutually orthogonal Te- 
stable subspaces V = W ®Y such that (we use |XH Lemma 2.9]) 

a^\^ = *Wf{e - j) and a^iT^'W) = 0. 

Then V>_Ar4.i = K\y © Y and V>n = Lw, where Kw = {u G W\a^{T^ v) = 0} and Lw = 
n W . Hence we have a natural decomposition V = W (BY of V into mutually orthogonal 
T'-stable subspaces, where W = K\y/L\y. Moreover (see 2.4.2 (i)) 
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ce^'lvK' = *Wf-i{e — j — 1) and a^'|y = ag|y. 



We have x'{i) = max(xa^,|^, (i), Xa^ly («)) and x{i) = max(xQ^|,^ (i), Xo^ly (^))- Thus for i>e-j, 
X'{i) = / - 1 (as Xa^lyi^) < / - 1); for i < e - j - 1, Xa^,\^,{i) = Xa^\w{i) and thus x'{i) = x{i)- 



6.6. Using the definition of ^'Jj and the description of c' in 6.5 we compute ^'/j(c) = A and 
^*j^,{c') = X' in each case (i)-(iii) as follows. It is then easy to check that 6.3 (b) holds in each case. 



Let d = do + di in case (i) and d = X]ae[o j] cases (ii) and (iii). We have Aj = A^ for all 

i > 2d + 2, since fii = fi'^ and Ui = v[ for all z > d + 1. In case (i), if x(e — 2) < / — 1, then 
A2d+i = ^2d+i since Pd+i < and /U^_,_i < f^. In cases (ii) and (iii), Aj = A'^ for i = 2d,2d+ 1, 
since i^d = i^'d^ < A^rf and u'^ < fi'^. Let A^ = (Ai, . . . , X2d+i) and A'^ = {X[, . . . , X'2^^^). We have 



(i) 



Xl ^ g2do(e _ l)2di+l^ yl ^ _ l)2di+l(g _ 2)2rfo 



ifx(e-2) = /, 



Ai = e2'^o(e _ l)2'^iA2d+i, A'^ = (e - l)2'^He - 2)2^^0 Wi if xie - 2) < f - 1; 



...^ Ai = e2^o+i(e _ i)2di(e _ 2)2^2 . . . (e - j + l)2'^.-i(e - jT'^^'-^Aa^Wi, 

^''^ A'l = (e - 2)2^^0+1(6 - 1)2^^1 (e - 2)2^^^ • • • (e - j + if''^-^ (e - j)"'^-'A2dWi; 



Ai 



(2/)e2^o(e- l)2'*i(e-2) 



\2c(2 



i + 1) 



2d,_ 



i) 



2dj-2 



X2dX2d^ 



^'''^ A'l ='(2/ - 2)e2'='o(e - i)2'^i(e - 2)2'^2' . . . [e - j + lf''^-^{e-jf''T-^\2X2d+i. 



6.7. Assume that p = 2 and G = SO{V,Q) in the remainder of this section. Suppose that 
c = (m, (A, x))- We keep the notations in 6.3 We show in this subsection that 

1 ifm>f, 

2 if e - f < m< f, 

^A(e) if m = 0, orO<m = e — f<f — 1 and p = 0, 

fn\ (e) + l i/0<m = e — / = / — 1 and p = 0, 

+ 2 ifO<m = e — f<f and p / 0. 

Recall that /tv = dim V>Ar and V>n = F^L^v+i ^ Q^^(O) (see 2.4.3). We describe V->n in various 
cases in the following and then (a) follows. 



(a) fN 



Suppose that m = 0. Then e > 2 since C 7^ 0. We have V>n = {w + y^Q{w)vo\w G Imr|-^}, 
where is a chosen square root on k. 



Suppose that m> f. Then V->n = span{fo}. 



Suppose that e — f < m < f . Then V>n = spanjfo} © L, where L = {w € W\Q{T^ 
0}-^ n is a line (see (XH 5.5]). 



/-I 



w 



Suppose that 0<m = e — / = / — 1. Then V>m = spanjuo} ® L, where L = {w G VF|r| 



«-i„ 



w 



0,Q{Tl~w) = 0}-^nW, and dimL = mA(e) if p = 0, dimL = mA(e) + l if p / (see [H 5.5]). 

Suppose that 0<m = e — / </ — 1 and p ^ 0. Then y>Ar = spanjfo} © L, where L = 
{w E W\T^~^w = 0,Q{T^~^w) = 0}-*- n W. Same argument as in |X2t 5.5] shows that we have a 
decomposition W = Wi © W2 of W into T^-stable orthogonal subspaces such that T^~^ W2 = and 
Xmw^ie -!) = /• Hence L = lmT^~^ ® ({x G W2|(3(t/~^x) = 0}-^ n W2) and dimL = mA(e) + 1. 

Suppose that 0<m = e — / </ — 1 and p = 0. Then V>iv = {i« + (3{w, w^,^)vo\'w G ImT^~^}. 
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6.8. We describe c' = (m'; (A',x')) various cases as follows. Let j > be the unique integer 
such that x(e - j) = f and x(e - i - 1) < /. 

(i) m = 0, or 0<e — / = rn-</— 1 and p = 0. We have 

m' = m, m\i{e) = 0, m\i{e — 2) = 'm\{e — 2)+m\[e) (if e > 2), m\i{i) = m\{i) for i ^ {e, e — 2}, 
X'{i) = X{i) fori<e-l. 

(ii) m > f. We have 

m' = m-l, m\i{i) = mx{i) for all i, x'(Ai) = x(Ai) for \i<e-l, x'(e) = / + l ifm = e-f, 
and x'(e) = / ifm>e-f. 

(iii) e — f < m < f . We have 

m' = m-l,mx'{e-j) = mx{e-j)-2, mx>{e-j-l) = mx{e-j-l) + 2 (if e > j + mx'{i) = 
mx{i) for i ^ {e-j,e-j-l}, x'(Ai) = f-l for e-j < Xi < e-l, x'(Ai) = x(Ai) for Xi < e-j-1, 
x'(e) = /- ! ifm>e-f + 2 and x'(e) = / ifm = e-f + l. 

(iv) 0<e — f = m<f and p 7^ 0. We have 

m' = m — I, mx'{e) = 0, mx'{e — 2) = mA(e — 2) + mA(e) + 26j^i — 26j^2 (if e > 2), mx'{e — j) = 
mxie - j) - 2 + (5j,2"^A(e), mx'{e - j - I) = mx{e - j - I) + 2 + 5j^imx{e) (if e > j + I), 
mx'{i) = mx{i) fori ^ {e,e - 2,e - j,e - j - 1}, x'(e - 1) = /, x'(Ai) = f - I for e - j < Xi < 
e - 2, x'(Ai) = x(Ai) for Xi<e-j-l. 

(v) 0<e — / = m = / — 1 and p = 0. We have 

m' = m — 1, mx'{e) = 0, mx'{e — 2) = mx{e) + mx{e — 2) {if e > 2), mx'{i) = rnx{i) for i ^ 
{e, e - 2}, x'(e - 1) = /, x'(e - 2) = / - 1, x'(Ai) = x(Ai) for A, < e - 2. 

Recall that we can choose uq (or W if m = 0) such that Xw{Xi) = x(Ai) in the decomposition 

V = spanjiij, Uj} © VF. In the following uq or is chosen as such. Let mx{e — i) = 2di. 

Assume that we are in case (i). Suppose first that m = 0. Then e = /. There exists wq ^ W 
such that /3{wo,w)'^ = Q{w) for ah w &W . Let W = {w + I3{wq,w)vo\w G W}. Then V>-n+i = 
span{t;o}©kerI|"^ and V>n = Im7|"^ (note that Q{f^~^W) = 0). The description for c' follows. 
Suppose now that 0<e — / = m</ — 1 and p = 0. Let uq = uo + w^^ and let ttj, VF, be defined 
accordingly. Then for all w €W, Q{f^~^w) = P{T^~^w^^,ttw{w))'^ + Q{T^"^ttw{w)) = 0. Then 

V = span{t;i,i G [0,m],Ui,i G [0,m - 1]} © W', where 14^' = (ker 7|"Vlm^|"^)- Thus m' = m. 
Let T^' : 14^' — )• T^' be defined for a^i. We have Xwi^) < / — 1- Suppose that Xwi^) = /• We have 
a decomposition = H^i © VF2 of into mutually orthogonal T^-stable subspaces such that (see 
|X3l 5.6]) 

= W^ie)'^'' and T^-'^W2 = 0. 

Then W' = W{® W2, where W{ = (kerTl^^ n Wi)/ff^Wi and T^>\wi = Wj_^{e - 2f^. We 
have x'(^) = max(i - xt^,]^, («), Xf^i^^ (0) and x(«) = max(i - m, Xf-^i^^^ (i), Xf^|^^ («))• Thus 
X'(e - 1) = / - 1 = x(e - 1) and x'(^) = max(i - m,Xf^|^^J«)) = x(0 (note that XT^,\^,{i) < 
max(0, i — m) and XTjI^vj (^) — ™ax(0, i — m)) for alH < e — 2. 

Assume that we are in case (ii). Then = (spanjfj, Uj, i G [0, m — 1], Wml/spanjuo}) ©TV. Thus 
m' = m — 1 and mx'{i) = rnx{i)- We have x'(Ai) = max(Ai — m + l,x(Aj)). If m > Aj — x(Ai), 
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then x'(^i) = x('^t); H m = Xi — then m = e — f and thus e = 2m, Aj = e (note that 

xi^i) > ^^4/2 > Aj - m for Aj < e = 2m) and x'(e) = / + 1. 

In cases (ih)-(v), we have V = (span{t;j, Uj, i G [0,m — 1], fm}/span{fo}) © T^', where T^' = 
A]Y / (A^^nW) for some subspace Aw C VF. Thus m' = m— 1. Let T^i -.W'^W be defined for a^i. 
We write T^/ = (A', x'w')- ^™ a-PPly the results in [X3, 5.6] for and T^/ and then in each case 
the assertions on m\i{i) foUow. The assertions on x' also hold since x'('^i) = max(A'j — m+1, Xh/'(0) 
(see below for the description of Xvi/'(*))- 

(iii) In this case Aw = {w e W\Q{tI^'^w) = 0} and x'h/'(^~^) = / - 1 for G [0, j], x'w'i^i) = 
x(Aj) for Aj < e — j — 1. Note that Aj — m + 1 < x{^'l) foi' Aj < e — j — 1. 

(iv) In this case Aw = {w e W\T^~^w = 0,Q{T^'^w) = 0}, and xV'(e - A;) = / - 1 for A; G 
[0) j]) x'w'i^i) = for Aj < e - j - 1. Since p ^ 0, x(e - 1) = / and thus m > Aj - x(Ai) for 
all Ai < e — 1. 

(v) In this case Aw = {w G W\T^^^w = 0} and x'w'i'^i) ~ xi'^i) for Aj < e — 1. Note that for 
Ai < e - 2, x(Ai) > [^] > Ai - m + 1. 



6.9. Using the definition of ^'^ and the description of c' in 6.8 we compute ^^(c) = A and 
^'Jj, (c') = A' in each case (i)-(v) as follows. It is then easy to check that 6.3 (b) holds in each case. 

Let d = do + di in cases (i) and (v); d = do in case (ii); and d = ^^£[0 j] '^^ in cases (iii) and 
(iv). Then A^ = Aj for all i > 2d + 3 since /Xj = fi'^ and t'j-i = for all i > d + 2. In case 
(i), if x(e — 2) = / — 2, then Hd+i = fJ-'d+i thus A2^_^2 = ^'2d+2''' moreover / > m + 3, then 
•^2d+i ~ ^M+i since fid+i < i^d, f^-'d+i < '^'d- (^) ™ (^^) '^ith m = e — f (then 

e = 2/), X2d+2 = ^'2d+2 since i^d+i < ^J^d+i + 2 and z^^_^^ < + 2; if m > e - /, then A, = A^ for 
i = 2d + 1^2d + 2 since f^d+i = M^+i ^^'^ ~ ^'d- ^^^^ ^^"^ (i^)' ■A* = A'^ for i = 2d+ 1, 2(i + 2 
since ^Xd+i = f^'d+i and fid+i < J^d, f^'d+i < ^'d- 



Let A"*^ = (Ai, . . . , X2d+2) and A'-*^ = (A'^, . . . , X'2^^2)- have 

(i) 



X' = e^^^{e-lf^^X2d+iX2d+2, 
A'i = (e-l)2'^i(e- 2)2^^0 W1W2 

Ai = e2'^«(e - lf'^'+^X2d+2, A'l = (e - if^^+^e - 2y'^n2d+2 
Ai = e2<^o(e _ i)2di+2^ yi ^ _ i)2di+2(g _ 3)2^0 



Ai = (e + 1)62-^0 A2rf+2, A'l = e2'^o(e - l)A2d+2 
Ai = (2m + 1)(2/ - l)e2'^"-2A2d+iA2d+2, 
^ ^ A'l = (2m - 1)(2/ - l)e2'^o-2A2d+i W2 



Ai = (2m + l)e2'^o-iA2d+iA2d+2, A'^ = (2m - 1)62-^0-^2^+ 
..... Ai = (m + /)2e2* . . . (e _ j)2rf.-2^^^^^^^^^2^ 
^^^^^ A'l = (m + / - 2)262-^0 . . . (e _ j)2^^-^A2rf+iA2,+2 ' 

Al = g2do+2(g_i)2di(g_2)2d2...(e_j- + l)2d,_i(g_j-)2d,-2^ 
^^^^ A'l = (e-2)2'^0+2(g_i)2di(g_2)2d2...(g_^- + l)2d,.i(g_^-^5 

(v) Ai = e2'^o+i(e - 1)2^1 W, A'l = (e - 1)2-^1(6 - 2f''o+ix^^^^_ 



if x(e - 2) = 


/ 


- 2 > m + 1 


if x(e - 2) = 


/ 


— 2 = m 


if x(e - 2) = 


/ 


- 1. 


if m = e 




/ 


if m > e 




/ and e < 2/; 


:i+2 if m > e 




/ and e = 2f. 
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7. NiLPOTENT ORBITS IN g* FOR G OF EXCEPTIONAL TYPE 



7.1. Assume that G is of exceptional type G2, F/j^, Eq, Ej, or Eg- We have 
Proposition 7.1. T/ie number of nilpotent G-orbits in q* is finite. 



In [KI Theorem 2.2], Kac constructs an invariant non-degenerate bihnear form on a symmetrizable 
Kac-Moody Lie algebra over C. Assume G is of type G2 and p / 3, of type F4, Eq or £^7 and p ^ 2, 
or of type £"3 (resp. G is of type Eq or £7 and p = 2). Then the Cartan matrix of q is symmetrizable 
and one can apply the method used in [loc.cit] to construct an invariant non-degenerate bilinear 
form (resp. pairing) on q (resp. between the Lie algebra of the simply connected group and 
the Lie algebra Qad of the adjoint group). Thus in the above cases g* and g (resp. g* and Qad) 
can be identified via the bilinear form (resp. pairing); and then the proposition follows from the 
corresponding result for g since the nilpotent orbits in g* and g (resp. in g* and Qad) are identified. 
Hence it remains to study the nilpotent orbits in g* when G is of type G2 and p = 3, or G is of type 
£4 and p = 2. (The above argument was suggested by G. Lusztig.) The proof of the proposition in 
these remaining cases will be given in Subsections |7. 2 7.5 



7.2. Let Fq be a finite field of characteristic 3 (resp. 2). Let G be of type G2 (resp. F4) 
defined over Fg. We study the nilpotent G(Fq)-orbits in g(Fq)*. The strategy is as fohows. We 
find representatives ^ S A/'g(F )* for the nilpotent orbits and compute \ZQ{^){Fg)\ (the number of 
rational points in the centralizers Zq(^)). Then by a direct computation one sees that the numbers 
of rational points in all nilpotent orbits add up to q^^ , where N is the number of positive roots. 
As the number of nilpotent elements in g(Fq)* equals (shown by G. Lusztig), we get all the 
nilpotent orbits. 



7.3. We describe how to compute \ZG{C)i^q)\ for ^ G ■^g(Fq)* iri this subsection. 

Let T be a maximal torus of G, R the root system of (G, T), 11 a set of simple roots in R and R~^ 
the corresponding set of positive roots in R. We have a Chevalley basis {ha, a G II] e^, a G R} 
of g satisfying 

[ha, hp] = 0; [ha, ep] = Aapep; [ea, e-a] = ha', [ea, e/3] = Na,(5ea+i3, if a + /3 G i?, 

where Aa^p and Na,i3 are constant integers (for determination of structural constants Na^fB see [C]). 
For each a £ R, there is a unique 1-dimensional connected closed unipotent subgroup C G and 
an isomorphism 

Xa '■ Gfl — 7- J/q 

such that sxa{t)s~^ = Xa{a{s)t) for all s G T and t G Ga- We assume that dxa{l) = ea and 
na{t) = Xait)x-a{—'t~^)xait) normalizes T. Define ha{t) = na{t)na{—l)- Then T is generated by 
ha{X),a G n, A G k^. Let B be the Borel subgroup UT of G, where U = { Xa{ta),ta G Ga}. 

By Bruhat decomposition, every element g m G can be written uniquely in the form 

g = bn^Uyj 

for some w G W , some b £ B and some Uw £ = { Xa{ta) \ ta £ Gq}, where is a 

a>0,w{a)<0 

representative of w in Ng(T). We can choose Ua = na{l) to be the representative of the simple 
refiections Sa G W, a G 11. Let t be the Lie algebra of T and let t* = G g* | S,{^a) = 0, V a G R}. 
We define e'a G g* by 

ea(t) = 0; e'a{ei3) = 6.a,p,y P R- 
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Then {e^, a G i?^} form a basis of n*. The coadjoint action of x^il:^ on e^, a, /? G i?^ are given as 
follows 

(a) Xc{t).efi = M„ _j„_^,ie-„+^, 

i 

where Ma,l3,i = ^iVa,/3A''a,a+/3 • • • A^a,(j-l)a+/3- 

We can find representatives of nilpotent orbits in n*, namely, we can assume that ^ = X]oe-R+ ^"^o 
for some Oq. G G^. Now we can compute |^g(^)(Fg)| using the Bruhat decomposition and the 
formula (a). In particular, we need knowledge on the set {w G | Zg{£,) H (BwB) / 0}. Let A^j^^ 
be the set of minimal elements in the set {a G | 7^ 0} under the order relations on {a > /3 
if a — /3 can be written as a sum of positive roots). If ZciCj ^ BwB / 0, then for any a G A^^^j^, 
there exists /3 G A^j^^ such that w{a) > (i. 

7.4. Suppose that G is of type G2 and p = 3 in this subsection. We denote by a (resp. /3) the 
short (resp. long) simple root. The structural constants can be chosen as follows 

Fix C G Fq\{x^|x G Fq} and w G Fq\{x^ + x\x G Fq}. The representatives ^ for nilpotent orbits 
over ¥q and |ZG(0(Fq)| are listed in Table [!} 



Orbit 


Representative ^ 


I^G(e)(Fq)| 


G2 


ii = e'„ + e'^ 




G2(ai) 


6,1 = e'p + e'2„+^ 




G2(ai) 


6,2 = e'p + e'2„+^ - we'^^j^p 


3q^ 


G2(ai) 


6,3 = e'^ - Ce2a+/3 




Ai 


6 = e'a 


q4(q2 - 1) 


Ai 


6 = e^ 


q6(q2 - 1) 





6 = 


q6(q2-l)(q6-l) 



Table 1. 



One can easily verify that 6,ij 6,2, and 6,3 are in the same G-orbit. Thus 6i 6,ii 6) 6) 6 form 
a set of representatives for nilpotent G-obits in g*, and Proposition 7.1 follows. 



The order relations on nilpotent orbits in g* are as follows. 



9 G2 



A, 
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7.5. Suppose that G is of type F4 and p = 2 in this subsection. We denote by p, q (resp. r, s) the 
long (resp. short) simple roots with (g, r) 7^ 0. We denote by apbqcrds the root ap -\- bq + cr + ds. 
The structural constants can be chosen as follows: 

^p.q — ^p,qr — ^p,q2r ~ -^p,pZq4:r2s ~ ^p,qrs — ^p,q2rs — ^p^q2r2s — ^q.rs — ■^q^pq2'r ^ ^ q.pq2rs 

— ■^q,pq2r2s ^q.r '^q,p2q4r2s — ^r,s — ^r,qrs — ^r,pqrs — ^r,p2q2rs — ^pq,rs — ^pq,p2qAr2s 
^s,q2r ~" ^s,pq2r "~ -^s^p2q2r ^rs,pqr ■^rs.p2q2r ^ qr^pqrs ■^qr.pq2r2s ^q2r.pq2r2s 

— ^q2r.p2q2r2s — -^pq2r.p2q2r2s — ^pqr,q2rs — ^qrs.pq2rs — li 

^r.:pq — ^7\p2q2r2s — ^s,qr — ^s,pqr — ^s,p2q3rs — -^pq.q2r — ^pq,q2rs — -^pq.,q2r2s — ^qr,rs 

— ^qr,pq2rs — ^rs.p2q2rs — ^q2r,pqrs — ^pqr.q2r2s — ^pqr,qrs — ^pq2r,q2r2s — ^qrs,pq2r 
^pqrs,q2rs -^p2q2r,pq2r2s -^p2q2r,q2r2s li 

-^r,pqr — -^r,qr — ^r,p2q3r2s — ■^qr,p2q3r2s — ^qr.pqr — ^rs,pqrs — ^rs,qrs 

— ^pqr,p2q3r2s — ^qrs,pqrs — ^q2rs.pq2rs — ^q2rs,p2q2rs — pq2r s ,p2q2'r s — 2, 
^s^pq2rs — -^s,p2q2rs — ^s^q2rs — ^rs,p2qZrs — -^qrs,p2qZrs — ^pqrs.p2q3rs — 2. 

Fix T] G Fq\{x^ + x\x E Fq} and zu G Fq\{x^ + x\x G Fq}. The representatives ^ for nilpotent 
orbits over Fq and |ZG'(^)(Fq)| are listed in Table [2} 



Orbit Representative ^ |ZG(g)(Fq)| 





6 = 


e' + e' + e; + e'. 










Fi{ai) 


6,1 -- 


/ f f 1 










Fi{ai) 


^2,2 - 


— €p -\- e.q -\- dqj, -\- €g -\- ^Cq2r 


2q6 








Fi{a2) 


6 = 


dp + Cgj, + e,^g + Gq2r2s 


q« 








B3 


^4 = 


~^ ^qrs ~l~ ^q2r ~^ ^pq2rs 


qlO 








C3 


^5 = 


p' -\- p' -\- p' 

' ^q2r ^ ^pqr 


q8(q2 - 


1) 






Fiia3) 


^6,1 = 


— Cpqj- ~\~ dqrs ~^ ^pq2r ~^ ^q2r2s 


24ql2 








Fiias) 


'?6,2 = 


~ ^pq ~l~ ^pqr ~^ ^q2rs ~^ ^q2r2s ~^ ^^pq2r 
— Cpqr ~l" Cgrs ~^ ^pq2r ~^ ^q2r2s ~^ V^pq2r2s 
~ ^pq + ^pqr + ^q2rs + ^q2r2s + ^^q 


8ql2 








^4(03) 


^6,3 = 


4ql2 








Fiias) 


^6,4 = 


4ql2 








^4(03) 


^6,5 '- 


— Gpqr + ^qrs ~^ ^q2r ~^ ^q2r2s ~^ ^^pq2r2s 


3qi2 








{B3)2 


6 = 


Cp + Cqj. + eq2r2s 


ql0(q2 _ 


-1) 






C3(ai) 


^8,1 = 


'^pqr ~ ^q2rs ~ ^q2r2s 


2ql2(q2 


-1) 






C3(ai) 


^8,2 = 


~ ^pq ~^ ^pqr ~^ ^q2rs ~^ V^pq2r 


2ql2(q2 


-1) 






B2 


6,1 = 


- p' -4-p' 
^pqr ^ '-q2r2s 


2ql2(q2 


-1)^ 






_B2 


6,2 = 


~ ^pq ~l~ ^pqr ~^ ^q2r2s ~^ V^pq2r 


2ql2(q4 


-1) 






A2 + AI 


60 = 


- pl pl pl 
'^pqr ' ^q2TS ' ^p2q2r2s 


ql4(q2 - 


-1) 






A2 + AI 


61 = 


- ^p2q2r + ^q2r2s + ^pq2rs 


ql6(q2 _ 


-1) 






A2 


62 = 


- pl 4- pl 
^pqrs ' ^q2rs 


ql4(q2 _ 


-l)(q6- 


1) 




A2_ 


63 = 


- ^p2q2r + ^pq2r2s + ^p2q3r2s 


q20(q2 _ 


-1) 






Ai + Ai 


64 = 


- ^p2q2r2s + ^p2q3rs 


q20(q2 _ 


-1)^ 






(^2)2 


65 = 


~ ^p2q2r + ^pq2r2s 


q20(q2 _ 


-l)(q6- 


1) 




Ai 


66,1 


— ^p2q3r2s 


2q2l(q2 


-l)(q3- 


-i)(q' 


-1) 


Ai 


66,2 


— ^p2q2r2s + ^p2q3r2s + 'n^p2q4r2s 


2q2l(q2 


-I)(q3 + l)(q4. 


-1) 


Ai 


67 = 


~ ^2p3qir2s 


q24(q2 - 


-I)(q4- 


l)(q'- 


1) 





68 = 


-- 


q24(q2 - 


-l)(q6- 


l)(q8- 


i)(q''-i) 



Table 2. 
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One can easily verify that {6,1,6,2}, Ue.i,^ = 1, • • • ,5}, {6,1,6,2}, {6,1,6,2}, {66,1,66,2} are 
in the same G-orbit respectively; and 6, ^ = 1,3, 4, 5, 7, 10, ... , 15, 17, 18, 6\i, J = 2, 6, 8, 9, 16, form 
a set of representatives for nilpotent G-obits in q* . Hence Proposition |7. 1| follows. 

The oder relations on nilpotent orbits in q* are as follows. 




(fl 
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